The objective of this study is to develop and analyze a nonlinear suspended energy harvester (NSEH) that can be mounted on a rotating wheel. The device comprises a permanent magnet as a mass in the kinetic system, two springs, and two coil sets. The mass vibrates along the transverse direction because of the variations in gravitational force. This research establishes nonlinear vibration equations based on the resonance frequency variation of the energy harvester; these equations are used for analyzing the power generation and vibration of the harvester. The kinetic behaviors can be determined according to the stiffness in the two directions of the two suspended springs. Electromagnetic damping is examined to estimate the power output and effect of the kinematic behaviors on NSEH. The power output of the NSEH with a 52 Ω resistor connected in series ranged from approximately 30 to 4200 μW at wheel speeds that ranged from nearly 200 to 900 rpm.
Introduction
The increasing demand for embedding a tire pressure measurement system (TPMS) in wheels as a car safety device has drawn considerable research attention. A TPMS is an electronic safety system designed for monitoring the air pressure inside pneumatic tires on automobiles and other vehicles. However, the power supply of the pressure sensor of a TPMS still relies on batteries, which exhibit several drawbacks such as low durability, difficulty of replacement, and most notably, inferior sustainability in terms of environmental impact. An alternative approach for replacing the battery in a TPMS involves harvesting vibration energy from the environment [1] [2] [3] [4] . Energy harvesters are devices that transform ambient energy, such as kinetic, heat, light, and acoustic energy, into electric energy. Kinetic energy harvesters are ideal power sources for TPMSs because the wheels of cars roll on roads.
Kinetic energy harvesting is often conducted using electromagnetic [5] [6] [7] and piezoelectric harvesting devices [8] [9] [10] [11] [12] [13] , and micro-scale energy harvesters composed of different materials have been presented by researchers [14, 15] . The number of studies on harvesting energy from the environment for TPMSs has increased in recent years. The rotating speed of a wheel varies with the speed of the car, determined by the driver. This means that the efficiencies of energy harvesters for TPMSs should be considered at different wheel speeds. Common linear kinetic (mass-spring-damper) systems, which have a narrow frequency range, are poorly suited for energy harvesters in TPMSs. This is because the output power of a linear harvester drops dramatically under off-resonance conditions [16] . This problem can be overcome by using nonlinear mechanisms, such as nonlinear springs [17] [18] [19] , nonlinear oscillators [20] , frequency tunable mechanisms [21] [22] [23] [24] , and multi-frequency harvesters [25, 26] . The number of studies conducted on nonlinear energy harvesters as power sources for the pressure sensors in TPMSs has increased in recent years. An electromagnetic energy harvester [27] mounted on the inner tire generated sufficient power to transmit tire sensor data multiple times per minute. Xuan et al. [28] proposed a seesaw-structured energy harvester for TPMSs; the proposed harvester can effectively overcome the effect of high centrifugal forces and was tested using an average power of 5.625 μW at 750 rpm. In [29] , a piezofiber energy harvester was developed and mounted inside the tire to provide 34.5 μJ for one wheel cycle. Wang et al. [30] [31] [32] developed pendulum-based energy harvesters for harvesting the kinetic energy from a rotating wheel. The generated power ranged from 300 to 400 μW at wheel speeds between 300 and 500 rpm. A high centrifugal force was exerted on the device mounted on the wheel, especially at high wheel rotation speeds. When the kinematic pair of the energy harvester mounted on the wheel functions as the rotary union, friction force, which is caused by the high centrifugal force and results in kinetic energy loss, cannot be avoided [33] .
This study proposes a novel nonlinear suspended energy harvester (NSEH), which is embedded in a rotating wheel, for a TPMS. The device comprises a permanent magnet as a mass, two suspended springs, and two coil sets for converting kinetic energy to electric energy. The NSEH demonstrates nonlinear kinetic behaviors because of the centrifugal and gravitational force as well as the stiffness of the two suspended springs. The rest of this paper is organized as follows. The "Overall design of the NSEH" section focuses on the design concept of the NSEH and derivation of its kinetic equations. The dynamic behaviors of the NSEH, including the transient response observed using analytical models and finite element software, as well as a spectrum analysis are described. The magnetic field strength analysis used for calculating the electromotive force (EMF) is presented in the "Output voltage and electromagnetic damping" section. In the "Experimental results" section, the prototype of the NSEH, experimental setups, and power generation results are presented. Finally, the conclusions are provided in the "Conclusions" section. Figure 1a shows an energy harvester embedded in a progressive car wheel. The device is mounted on the rim. Figure 1b illustrates the detailed configuration of the device. The device structure consists of a proof mass suspended from two springs with bidirectional stiffness and two coil sets. The proof mass could be a magnet that induces a current in the coil for converting the dynamic energy into electrical energy. The device is orientated such that the centrifugal force is along the longitudinal direction (i.e., the y axis). The angle ϕ changes as the wheel rotates (i.e., ϕ = ωt, where ω is the angular velocity of the wheel, and t is the time). This induces the transverse component of gravity to change when the wheel rotates. Because of the variation in gravity, the proof mass vibrates along the transverse direction. 
Overall Design of the NSEH

Kinetic Equations
The spring is relaxed when the wheel is at rest. When the wheel rotates at an angular velocity ω, the centrifugal acceleration is 2 ω n a r = , where r is the distance between the wheel center and proof mass.
The centrifugal acceleration is along the longitudinal direction of the spring-mass system. The gravity is considerably lower than the centrifugal acceleration; therefore, the gravity has no effect on the longitudinal displacement δ. Figure 2a shows a free-body diagram of the spring-mass system. The longitudinal displacement δ can be rewritten as follows:
where k1 and k2 represent the spring constants of the two springs along the longitudinal direction. If the mass is subjected to transverse excitation m·g·sinωt induced by gravity, then the mass undergoes transverse displacement x (Figure 2b ). The components of the restoring force caused by the two springs can be calculated as follows:
and k3 and k4 represent the spring constants of the two springs along the transverse direction. The spring constants k1 and k3 are defined for the spring 1 connected with the downside surface of the magnet. k2 and k4 are defined for the spring 2 connected with the upside surface of the magnet. Furthermore, L is the free length of the two springs. The centrifugal force of an NSEH mounted on a rotating wheel is constant at constant car speeds. Therefore, this study did not consider harvesting the kinetic energy in the radial direction. Because centrifugal and gravitational force act through the mass center of the proof mass, and the two springs are symmetrical, this study neglected the rotation motion of the proof mass. Some elementary trigonometric analyses were performed, and the dynamic equation of the proof mass according the local x-y coordinates can be expressed as follows:
where c is the total damping; c = ce + cm, in which ce and cm are the electromagnetic damping and material damping, respectively. 
The electromagnetic damping calculates the coupling effect between the generated current and the motion of the magnet. The function f(x) is thus:
Equation (3) is a nonlinear differential equation and can be solved through a numerical method. If the transverse displacement x is small compared with L, then Equation (4) can be reduced to:
Substituting Equation (5) into Equation (3) provides a vibration equation at a constant car speed:
where k is the effective spring constant and can be expressed as follows:
Natural Frequency of the NSEH
The general solution of Equation (6) can be derived as follows:
where ωd is the damped natural frequency, X is the amplitude of the steady-state vibration, φ is the phase angle caused by damping, and C1 and C2 are constants. For a low damping ratio, ωd is close to the natural frequency ωn, which can be expressed as follows:
Substituting Equations (1) and (7) into Equation (9) and rearranging the equation results in:
The spring constants and proof mass are usually selected such that δ is considerably lower than the spring length L; that is, Equation (10) can be approximated as follows:
The natural frequency of the energy harvester is determined according to the spring constants, length of the spring, distance between the wheel center and position of the energy harvester, and longitudinal displacement of the spring δ (which varies with the rotation speed of the wheel).
Numerical Results Obtained Using Analytical Models
The transverse oscillation of the mass demonstrates a nonlinear dynamic behavior and can be determined by using the Runge-Kutta method to solve Equation (3) . Figure 3 shows the natural frequency of two NSEHs (Tables 1 and 2 ) calculated using Equation (10) . The slope and offset of the natural frequencies versus wheel speed were determined according to the values of the spring constant of the NSEHs. The natural frequency of a linear energy harvester that acquires a high quality factor only at a specific wheel speed is constant (i.e., it does not vary with the wheel speed). The natural frequency of the NSEH varies with the rotation speed of the wheel, thus resulting in nonlinear dynamic behavior. The blue line in Figure 3 indicates that the natural frequency of the NSEH (shown in Table 1 ) is equal to the rotation frequency of the wheel at 900 rpm. The green line indicates that the natural frequency of the other NSEH (shown in Table 2 ) is equal to the rotation frequency of the wheel at 300 rpm. Table 1 lists the parameters employed in the subsequent numerical calculation. The initial conditions are (0) 0 x = and (0) 0 x =  . The diameter of the car wheel R was set to 0.3 m. Figure 4 shows the displacements of the proof mass, calculated using Equation ( Tables 1 and 2 ) at various wheel speeds. 
Numerical Results of the NSEH Obtained Using Finite Element Software
Figure 5a depicts a schematic diagram of the NSEH mounted on a car wheel as well as a magnified section of the schematic diagram. The springs comprise folded steel beams that are anchored to the side walls of the rim. To approach the values of the spring constants shown in Table 1 , the dimensions of the two folded springs shown in Table 3 were used. Table 4 lists the spring constants of the prototype. The difference between the values shown in Tables 1 and 4 is small because the significant digits and tolerance of the spring manufacturing process were in millimeters. The transverse oscillation of the proof mass of the prototype was simulated using COMSOL Multiphysics 4.2 (Burlington, MA, USA). The structure was constructed using the finite element method, and the gravitational and centrifugal forces were set using time-varied parameters. The damping constant and initial conditions were the same as those used in calculating the analytical model. Figure 5b illustrates a displacement simulation of the proof mass, which comprised two magnets and a plastic block. Figure 6 shows the displacements of the mass center of the prototype at different car speeds simulated using COMSOL. As shown in Figures 4 and 6 , the results obtained using the analytical model and COMSOL simulation are comparable in the steady state, verifying the accuracy of the analytical models and proving that the kinematic behaviors of the energy harvester are characterized by the parameters shown in Table 1 . The discrepancy between the analytical model and COMSOL simulation are attributed to the geometrically nonlinear displacement and the simulation in COMSOL Multiphysics using the finite element method. 
Frequency Domain Characteristics
The oscillatory motion of the NSEH driven by gravity exhibited nonlinear behavior. Figure 7 shows the variation of the maximum oscillation velocity of the proof mass in a steady state for various spring constants and electrical damping constants at different wheel rotation speeds. For the NSEH designed using the parameters shown in Table 1 , the peak value of the maximum velocity was observed at wheel speeds ranging from 800 to 1050 rpm. For a low damping value (i.e., c = 0.2 N·s/m), the maximum oscillation velocity of the NSEH designed using the parameters shown in Table 1 was unstable at wheel speeds ranging from 900 to 1050 rpm. When the wheel speed was higher than 1050 rpm, the amplitude of the maximum velocity shifted to a lower value immediately. When the electrical damping constant was set to 0.5, the stability of the NSEH (designed using the parameters shown in Table 1 ) at high wheel speeds was more favorable than that obtained when the damping constant was set to 0.2. For the NSEH designed using the parameters shown in Table 2 , the corresponding maximum oscillation velocity occurred at approximately 300 rpm; this is because the natural frequency of this NSEH was equal to the rotation rate of the wheel. When the electrical damping constant was low (i.e., c = 0.2), the amplitude of the maximum velocity displayed the jump phenomenon when the wheel speed was approximately 620 rpm. Moreover, the red and green circles indicate the primary resonant peaks of Table I and II springs respectively for c = 0.2 in Figure 7 . Tables 1 and 2 ). Figure 8a shows the magnetic field distribution of the NdFeB cylindrical magnet for the NSEH simulated in the x component by using Maxwell software. The residual magnetism, diameter, and length of the cylindrical magnet were 1.4 T, 8 mm, and 12 mm, respectively. The average external diameter and length of the wired coil set were 10 and 5 mm, respectively. The diameter of the coil wires was 0.1 mm. Figure 8b shows the magnetic flux density distribution for the line located at the central axis of the magnet; the distances to the central axis were d = 2.5 and d = 5. The simulation results of the proof mass oscillation indicated that the maximum displacement was lower than 5 mm at wheel speeds ranging from 100 to 1000 rpm. Therefore, the magnetic flux density distribution in the horizontal axis was considered ±5 mm from the left surface of the cylindrical magnet. Figure 8b depicts the average value of the magnetic flux density for d = 0, 5, and 10. The function of the average magnetic flux density was formulated as an approximate polynomial equation. The approximate polynomial equation was used for calculating dB/dx for the EMF ε and electromagnetic damping, where B is the average magnetic flux density.
Output Voltage and Electromagnetic Damping
The induced EMF ε for the coil sets in a magnetic field can be expressed as follows:
where φ is the magnetic flux. According to Faraday's law, φ = N·B·A, where N is the number of turns and A is the cross-sectional area of the coil set. For an energy harvester series connected to an external load, the output voltage (VL) on the external load can be expressed as follows:
where RL and RC represent the resistance of the external load and coil wires, respectively. The velocity (dx/dt) is the transverse oscillation velocity of the mass center. The magnetic force is one of the most dominant damping forces in the kinetic system. According to the energy conservation concept, Pe = Pm:
where Pe and Pm represent the electric power and mechanical power, respectively. The force Fe caused by the electromagnetic damping to the proof mass can be expressed as follows:
Consequently, the electromagnetic damping constant ce caused by the relative velocity between the coil set and magnet can be expressed as follows: 
Experimental Results
A speed-controllable rotation plate was used to verify the power generation of the energy harvester. A rotating plate used as a wheel at constant speeds was driven by a servomotor connected to a motion-control card for setting the rotation speeds. The output voltage on the external load was transferred from the rotating plate to the oscilloscope through a slip ring. Figure 9 shows the prototype of the NSEH, which was fabricated according to the design parameters shown in Table 4 . The material of the spring is stainless. The proof mass was fabricated using a cylindrical NdFeB magnet assembled using a polyoxymethylene block. Its weight was the same as that of the proof mass used in the simulation. The left and right cylindrical magnets were inserted into two plastic tubes, and the external surfaces of those plastic tubes were wrapped horizontally with coils to induce current.
The voltage across the resistor was measured using an oscilloscope, and the power consumed by the external resistor was calculated as the square of the root mean square of the voltage (Vrms) divided by the value of the external resistance (i.e., Pexp = (Vrms) 2 /RL). Furthermore, the electromagnetic damping constant Ce obtained from (16) was integrated into the following equation, and the numerical power consumption of the external resistor (Pnum) was calculated as follows:
where Γ is the oscillation period of the NSEH, and t0 is any given time in a steady state. Figure 10 shows the average power generation and instantaneous voltage output from the NSEH at various plate rotation speeds. The internal and load resistance were both 52 Ω. The maximum power was obtained when the load resistance matched the internal coil resistance. Each experimental datum was the average of five data sets. Both the numerical and experimental results indicated that the output voltage and electrical power obtained from the NSEH increased monotonically with the wheel speed; this is because of the high oscillation velocity of the magnets, which induced a high EMF ε. The difference between the numerical and experimental results regarding the voltage across the resistor was lower than that observed in the average power output because the power output contains the squared term of voltage. The difference between the simulation and experimental results regarding the output voltage was attributed to the gap between the coils and magnets. The gap value of the prototype in the experiments was higher than that in the simulation because of the assembly process and because the gap varied according to the car speed. In the future, the coil tube will be designed to move with the centrifugal force to maintain the gap at a constant value. The analytical power generation model employed for the numerical simulation, the results of which showed favorable consistency with the experimental results, was developed according to the models presented in this paper. The power output of the NSEH ranged from approximately 30 to 4200 μW at wheel speeds ranging from approximately 200 to 900 rpm. At higher wheel speeds, the output voltages in the simulation were larger than those in the experiment; this may be attributed to the high force of air drag that was induced by the small air gap between the magnets and coil sets. 
Conclusions
This study proposes a novel device (denoted by NSEH) for harvesting energy from a rotating wheel. The device was modeled as a spring-mass system composed of a proof mass, two suspended springs, and two coil sets. Kinetic equations for estimating the oscillation velocity and calculating the output power were derived. Because of the variation in gravity when the wheel rotates, the proof mass demonstrated transverse vibration, and its natural frequency varied with the rotation speed of the wheel. The natural frequency of the NSEH was determined according to the stiffness of the two suspended springs. The accuracy of the kinematic equations was verified using the finite element method in COMSOL. The EMF and electromagnetic damping were also evaluated by simulating the magnetic field strength simulation and by using Faraday's law. In the experiments, the power generation of the NSEH with a 52 Ω resistor connected in series ranged from nearly 30 to 4200 μW at wheel speeds ranging from approximately 200 to 900 rpm. Because the average power consumption of a TPMS is nearly 30 μW, the NSEH is a potential power supply for TPMSs.
